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Abstract

Direct numerical simulations of coagulating aerosols in two-dimensional, mixing layers are performed. The
flows consist of the mixing of a particle-laden stream with a particle-free stream, with and without the presence of
a temperature gradient. The evolution of the particle field is obtained by utilizing a sectional model to approximate
the aerosol general dynamic equation. The sectional model is advantageous in that there are noa priori assumptions
regarding the particle size distribution. This representation facilitates the capture of the underlying physics in an
accurate manner. The growth of particles betweendp = 1nm anddp = 10nm is captured in both isothermal flows,
and flows with a temperature gradient. Results indicate a reduced growth rate in the core of the eddy. The increased
temperature of the particle-laden stream results in an increased growth rate. The growth and stretching of the surface
area separating the two streams prevents the particle field from achieving the self-preserving particle size distribution.
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Introduction

Nanoparticles play a very important role in a wide variety of physical/chemical phenomena and processes. An
important application is the synthesis of nanostructured materials. There are several technologies which can be em-
ployed in the manufacture of nanoscale materials (films, particles, etc.) Vapor-phase methodologies are by far the
most favored because of chemical purity and cost considerations [1]. Gas-phase combustion synthesis is a well proven
method for the bulk production of fine powders including silica, titania and carbon black [2, 3, 4, 5, 6]. Nanoparticles
also play an integral role in soot formation in combustion systems. Understanding the fundamental processes of soot
formation requires knowledge of the precursors, their distribution in space, size and time, their chemical composition,
and the underlying hydrodynamic field [7]. These particles typically lie between 1 and 10 nanometers in diameter.

The dynamics of particles in turbulent flows have received some attention. Earlier works focused on understanding
the phenomenon of particle dispersion by turbulence [8, 9]. The influence of particle parameters on collision frequen-
cies in a turbulent particle laden suspension leading to coagulation was considered by Sundaram and Collins [10], who
showed that the magnitude of the minimum particle collision frequency was strongly correlated with the turbulent mo-
tions at the integral scale. Reade and Collins [11] simulated the coagulation and growth of an initially mono-disperse
aerosol subject to isotropic turbulence. This work resulted in an improved understanding of the trends in the rela-
tive width of the particle size distribution and its dependence on the Stokes number and radial distribution function.
However, much of the work performed thus far considered large, micron-scale particles in a Lagrangian manner and
utilized primarily particle tracking methods. The large number of particles needed to represent the underlying physics
of particle growth using Lagrangian methods render the computations infeasible for all but inhomogeneous systems.

In this work we consider the growth of nanoscale particles in both isothermal and, as typically encountered in com-
bustion environments, non-isothermal temporally developing mixing layers. The particulate phase will be accounted
for using a sectional method which treats the particles in an Eulerian manner [12, 13]. This approach is advantageous
in that there are noa priori assumptions regarding the nature of the particle size distribution. We intend to use direct
numerical simulations to capture the underlying physics of particle growth in a model-free manner [14].

Formulation

The flows under consideration are two-dimensional mixing layers and are governed by the compressible Navier-
Stokes equations. The transport of the nanoscale particles is governed by the aerosol general dynamic equation (GDE).
The GDE is expressed in discrete form as a population balance on each particle size. From a practical standpoint
however such systems of equations cannot be solved explicitly except for very small particle sizes. To overcome this
a sectional method is used to represent the particle field [15, 16, 17]. This approach effectively divides the particle
size distribution into “bins.” We consider only large clusters and particles which typically contain tens of thousands of
molecules, for which a discrete or molecular cluster representation is unnecessary. The GDE is therefore solved as a
set ofNs transport equations, one for each sectionQk, k = 1,2, . . . ,Ns [18]. In adopting this framework we can write
the general transport equation for the concentration of particles in thekth section,Qk as

∂ρQk
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whereDQ is the diffusivity of a particle in sectionk, and is given by

DQk = kbT
Cc

3πµdp
, (2)

wherekb is the Boltzmann constant,Cc is the Cunningham correction factor,dp is the particle diameter,µ is the fluid
viscosity andT is the fluid temperature [19, 20, 21]. The source term,ωQ
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ωQ
k =

1
2

Ns

∑
i=1

Ns

∑
j=1

βi j χi jkQiQ j −
Ns

∑
i=1

βikQiQk, (3)

3



and represents the effect of particle-particle interactions resulting in coagulation: production ofQk due to collisions of
smaller particles; the loss or gain ofQk by collision with a smaller particle which either moves the resulting particle
out of or into sectionk; the loss of particles in sectionk as they collide with each other and form larger particles; and
the loss of particles in sectionk due to collisions with larger particles. It should be noted that repeated indices in Eq.
(3) do not imply summation but instead infer interactions between particles in sectioni and particles in sectionj. The
collision frequency functionβi j is that for Brownian coagulation and is given by
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wherevi is the volume of theith particle,ρp is the particle density andχi jk is given by

χi jk =


vk+1−(vi+v j )

vk+1−vk
if vk ≤ vi +v j < vk+1

(vi+v j )−vk−1
vk−vk−1

if vk−1≤ vi +v j < vk

0 otherwise.

(5)

The sectional method is discretized in size space such that the volume of particles is doubled between two successive
sections, i.e.vk = 2×vk−1. This scheme allows us to span a volume range ofV = v1 to V = 2Ns−1×v1.

Results

The flows under consideration are two-dimensional mixing layers, a schematic of which is shown in Fig. 1. The
Reynolds number is based on the initial vorticity thicknessL = δωo, the velocity difference across the mixing layer
Uo = (U1−U2)/2 and the value for all flows considered isRe= UoL/ν = 200. Initially, the upper stream (stream 1) is
free of particles, while the lower stream (stream 2) is populated bydp = 1nmsized particles (contained within section
1). A total of twelve sections are solved for, i.e.Ns = 12. This allows for the solution of particles covering a range of
3 orders of magnitude in volume, or a diameter range of 1≤ dp ≤ 10nm. To elucidate the effects of temperature, two
cases are considered: Case (I) considers an isothermal mixing layer whereT1 = T2 = 300K, and Case (II) considers a
temperature gradient across the mixing layer in whichT2 = 3×T1 = 900K. The volume fraction, defined as the ratio
of the volume occupied by the particulate phase to that occupied by the fluid, isΦ = 9.4×10−8 for both cases.

Computations are performed on a domain of 2π× 2π in the streamwise and cross-stream directions on a mesh
consisting of 1,500× 1,500 points and each calculation simulated up to a non-dimensional time oft? = Uot/δω =
14.25. The governing transport equations are solved using a hybrid MacCormack based compact difference scheme
[22, 23]. The numerical scheme used is based on the one-parameter family of dissipative two-four schemes [22].
The accuracy of the scheme is second order in time, and fourth order in space. All calculations are performed on a
uniformly spaced, rectangular grid.

Instantaneous and spatially-averaged concentration data are presented to aid in making both qualitative and quan-
titative assessments of the temporal evolution and spatial structure of the particulate field. Concentration profiles are
obtained by averaging over the “homogeneous” x-direction and therefore contain 1,500 samples. All average quan-
tities are denoted with an over-bar. Additionally, all particle concentrations are normalized by the initial number of
particles in section 1, Q1o, and are denotedQ?

k, i.e. Q?
k = Qk/Q1o. At time t? = 0, the concentration isQ?

1 = 0 in the
particle-free stream andQ?

1 = 1 in the particle-laden stream. For purposes of characterizing the mixing layer growth
the vorticity thicknessδω, is used. The vorticity thickness is a measure of the width of the mixing layer, and is defined
as twice the 90% width of the u-velocity,u. The growth rate of the temporal mixing layer is shown Fig. 2. The evo-
lution of the vorticity thickness for Case (I) and Case (II) reveals that the growth rate of the mixing layer is reduced
in the presence of a temperature gradient. The maximum thickness in Case (I) is more than twice that of Case (II).
This reduced growth or spread of the eddy means that less of the fluid emanating from the “free-stream” regions will
be engulfed in the core. Such diminished growth rates have been previously observed [24, 25] and is shown here to
demonstrate the effect of the temperature gradient on the hydrodynamic field.
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Cross-stream profiles of the 1nmand 4nmdiameter particle concentrations are shown in Fig. 3. As the mixing layer
evolves the particle-laden stream is mixed with the particle-free fluid. As the particles collide, they coagulate to form
larger particles and thereby move out of section 1 and into higher numbered sections,Qk,k = 2,3, . . . ,10. The profiles
contained within Fig. 3(a) reveal that the number ofdp = 1nmparticles decreases with time for both Case (I) and Case
(II), with the rate of decrease being higher in Case (II). This increased growth rate reflects the temperature-dependent
collision frequency function, Eq. (4). The collision rate of particles in Case (II) is increased by a factor of 31/2 over that
in Case (I). A similar trend is observed in the region near the interface of the two streams. The growth rate in the core
of the eddy is less than that in the particle-laden stream. This is the result of two physical mechanisms. The higher
temperature of the particle-laden stream in Case (II) increases the growth rate by increasing the rate of collisions
βi j . Additionally, in this region, the particle-free and particle-laden streams mix thereby diluting the concentration
of particles which reduces the growth rate. The eddy grows less in Case (II), as shown in Fig. 2, which results in
a reduced dilution of the particle-laden fluid, thereby increasing the growth rate in the particle-laden stream. The
concentration of 4nmdiameter particles is shown in Fig. 3(b). The trend in the cross-stream profiles is different from
that observed in the first section in that the maximum concentration is observed in the initially particle-laden stream at
all times. The particle concentration increases from zero to a value ofQ?

7 = 0.0032 att? = 3.40, reaches a maximum
value ofQ?

7 = 0.0043 att? = 6.01 and then decreases toQ?
7 = 0.0039 att? = 9.13. Over the same time interval, the

concentrations in Case (II), areQ?
7 = 0.0014, Q?

7 = 0.0012, andQ?
7 = 0.0008. This monotonic decrease of particles

in the particle-laden stream represents the increased growth rate occuring in Case (II); the concentration ofdp = 4nm
particles has reached its maximum value earlier than in Case (I). Near the interface of the two streams the trend is
different from that observed in the smaller-diameter section 1 particles. Neary/π = 0, the concentration increases
to a particular value and tends to remain constant over the observed time interval. This quasi-equilibrium value is
Q?

7 = 0.0019 in Case (I) and isQ?
7 = 0.0008 in Case (II).

A qualitative view of the particle field for the isothermal flow, Case (I), is presented in Fig. 4. This figure shows
instantaneous contours of the 2 and 8nmdiameter particle concentration at timet? = 9.13. There is noticeable spatial
segregation of the various particles: the highest concentration ofdp = 1nmparticles exist in a band between the initially
particle-free and particle-laden stream; the highest concentration ofdp = 2nmparticles are contained within the core
of the eddy while the concentration in the particle-laden stream is roughly 50% of the maximum value; the highest
concentration ofdp = 4nmparticles are in the freestream while the eddy core contains particles at concentration levels
between 30 and 70 percent of the maximum; and the highest concentration ofdp = 8nmparticles also occurs in the
freestream while the eddy core is essentially devoid of the larger particles. This structure further underscores the
reduced growth rate occurring in the eddy core. In addition to spatial concentration variation, the effects of differential
diffusion are also evident. The striation thickness decreases as the particle size increases. This is because larger
particles have smaller coefficients of diffusion.

The overall effect of the temperature gradient can be characterized by considering the mean particle size. The mean
diameter is given bydp = (6/πv)1/3, where the mean volume is given by

v =
∑Ns

i=1Qivi

∑Ns
i=1Qi

. (6)

The temporal evolution of the mean diameter for Case (I) and Case (II) is shown in Fig. 5. The mean diameter is
maximum in the initially particle laden stream and decreases gradually to zero in the particle free stream. Though
the profiles show an overall increase with time, the particle growth rate in Case (II) is higher than that in Case (I) at
all times. Additionally, the mean diameter is lower in the core of the eddy in both cases. At the interface of the two
streams,y/π = 0, the mean diameter in Case (I) increases todp = 1.85nm at t? = 3.40, dp = 2.15nm at t? = 6.01
anddp = 2.22nmat t? = 9.13, whereas in Case (II) the mean diameter isdp = 2.40nmat t? = 3.40, dp = 2.81nmand
dp = 3.25nmat the same times. Figure 6 shows the spatially resolved mean diameterdp geometric standard deviation
σg at timet? = 9.13. The lower stream contains the largest particlesand the diameter and variance are consistent with
a homogeneous flow of coagulating aerosols. The largest particles are found in the freestream region of the particle-
laden stream, and the variance ofσg = 1.5indicates the self-preserving limit found for coagulating aerosols using a
finite number of sections [12]. The smallest particles are found at the farthest outer edge of the shear interface. These
particles remain small because they preferentially diffuse to the particle-free region where the lower concentration also
lowers the overall growth rate, which in turn preserves their size. In fact, the particles in the shear layer have a size
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distribution smaller than self-preserving (σg < 1.5), indicating that the characteristic time for transport is faster than
coagulation. These gradients in size and number concentration get magnified further during the formation of the eddy.
The material in the eddy is always of average or smaller size than the particle-laden stream. As the eddy develops and
increases the available shear layer surface area, a larger fraction of particles undergo diffusive transport and diminished
rate of coagulation. Eventually as the shear layer “wraps around,” we find regions where diffusion effects increase the
width of the size distribution over that in the self-preserving limit.

Conclusions

In the present work we utilized a sectional methodology to perform DNS of nanoparticle coagulation in both isother-
mal and non-isothermal temporal mixing layers. The particulate field was obtained as a function of size, space and
time. Results indicate that the growth rate of the particles in the freestream region of the particle-laden stream is
greater than that in the core of the eddy. The growth of the particles was enhanced by the presence of the higher
temperature stream due to the increased collision frequency. Additionally, by considering both the mean diameter
and the variance, we are able to quantify the effects of convection and diffusion on disturbing the particle size dis-
tribution away from self-preserving behavior. The regions of the flow whereσg 6= 1.5 indicates that methodologies
which assume a self-preserving distribution may not perform very well in representing particle coagulation in shear
flows. This work demonstrates the viability of the sectional method in capturing the growth of nanoscale particles.
The methodology is sufficiently general to allow for the inclusion of phenomena such as nucleation, condensation,
evaporation, thermophoresis and other fluid-particle interactions.
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Figure 1: Temporal mixing layer configuration.

(a)

0.0 3.0 6.0 9.0 12.0
t*

1.0

2.0

3.0

4.0

5.0

d
w
/d

0

Case(I)
Case(II)

Figure 2: Temporal evolution of vorticity thickness,δω.
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Figure 4: Instantaneous particle concentrations contours, Case (I): (a)Q?
1 (b) Q?
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Figure 5: Cross stream variation of the mean particle diameterdp.
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Figure 6: Instantaneous contours of mean diameterdp and geometric standard deviationσg at timet? = 9.13 : (a)dp

Case (I); (b)σg Case (I); (c)dp Case (II); (d)σg Case (II).
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