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Coalescence kinetics of unequal sized nanoparticles
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Abstract

The largest collision kernel is between a small particle with high mobility, and a larger particle which presents
a large collision cross-section. However, most coalescence models are limited to the analysis of equivalent particle
sizes. In this paper we focus on understanding the coalescence mechanisms of unequal sized nanoparticles. We
have studied the coalescence of pairs of silicon nanoparticles of volume ratios between 0.053 and 1 with 10 000
(at 1500 K) and 1600 (at 1000 K) silicon atoms using molecular dynamics (MD) simulation under constant tem-
perature conditions. We found that the convection processes, and deformation of the smaller particle dominated
the coalescence process for liquid-like particles. On the other hand, for near solid-like particles diffusion processes
dominated the coalescence of nanoparticles. Coalescence processes become faster when the ratio of two particle
sizes (smaller/larger) approaches zero. Most importantly we find that the Koch–Friedlander (KF) accurately predicts
the coalescence time of two unequal sized particles when benchmarked against the MD simulation results, and that
the characteristic coalescence times is independent of the volume ratio of the coalescing partners.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Nanoparticles and nanocrystals of characteristic length less than 10 nm can show electronic and trans-
port properties different from the bulk, resulting from quantum confinement and surface states (Colvin,
Alivisatos, & Tobin, 1991; Goldstein, Echer, & Alivisatos, 1992; Alivisatos, 1996; Shi, Gider, Babcock,
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& Awschalom, 1996). Nanoparticles and nanocrystals have been shown to be quite useful as the building
blocks to structural materials (Helble & Sarofim, 1989; Barnes, Mahurin, Mehta, Sumpter, & Noid, 2002).
These imply that controlling particle size during the manufacturing process is key to the utilization of
these properties.

Synthesis methods for near monodisperse colloidal particles have been developed in the liquid phase,
which employ solvation forces to retard and control cluster–cluster interactions (Matijevic, 1985, 1986).
However, purities of those particles are unknown, and the investigation of surface passivation effects are
not fully understood (Grieve, Mulvaney, & Grieser, 2000; Murray, Kagan, & Bawendi, 2000; Trindade,
O’Brien, & Pickett, 2001). On the other hand, gas-phase processes are generally cleaner than liquid-phase
processes, the latter requiring the removal of solvents and other products of synthesis (Kruis, Fissan, &
Peled, 1998). Moreover, the economics of vapor-phase particle production is generally more favorable
than liquid phase processes and is the primary reason that most industrial scale production is done in the
aerosol phase. Given the industrial relevance of the latter mechanism it is important to understand the
rate controlling parameters in the coagulation/coalescence of particles in the aerosol phase.

To study the mechanisms of the nanoparticles formation in gas phase after nucleation, one needs to focus
on coagulation process, where the size of the spherical primary particles and the growth of agglomerates
are determined by the rate of collision and subsequent coalescence. Qualitatively, at sufficiently high
temperature, particles coalesce faster than they collide, and collisions of particles will result in a spherical
large particle. However, at lower temperature, particle coalescence is negligibly slow, and a collection of
smaller attached particles (aggregates) is produced.

�coalescence < �collision → Spherical particle,

�coalescence > �collision → Agglomerate.

Thus, an understanding of the collision and coalescence is essential for desired particle morphology
and size.

The formation mechanisms of nanoparticles coalescence have been studied extensively, including
evaporation–condensation, viscous flow, solid state diffusion, and plastic deformation (Ulrich, 1971;
Ulrich & Riehl, 1982; Bolsaitis, McCarthy, & Mohiuddin, 1987; Koch & Friedlander, 1990; Lehtinen,
Windeler, & Friedlander, 1996). The linear rate law for decrease in the surface area was developed by
Koch and Friedlander as

da

dt
= − 1

�f
(a − asph), (1)

where a is surface area of particles, asph is surface area of sphere of same volume, and �f is characteristic
coalescence time. For bare particles of the characteristic coalescence time calculated from a solid-state
diffusion model is written as (Friedlander & Wu, 1994)

�f = 3kT pN

64��D
, (2)

where Tp is the particle temperature, N is the number of atoms in the particle, D is the diffusion coefficient
reported as anArrhenius function of the temperature, and � is the surface tension. For droplets of equivalent
sizes, the coalescence time is given by (Frenkel, 1945)

�f = �dp

�
, (3)
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where dp is the diameter of the particle and � is the temperature dependent viscosity. In a prior molecular
dynamics (MD) study of the kinetics of growth and coalescence of silicon nanoparticles we found that
Eqs. (2) and (3) provide a reasonable quantitative description of nanoparticles coalescence (Zachariah &
Carrier, 1999).

However, all sintering models accounting for particle growth by coagulation and sintering in the free
molecular regime assume that aggregates collide as spherical particles of equal volume. On the other
hand the largest collision kernel is between a small particle with high mobility, and a larger particle which
presents a large collision cross-section (Seinfeld & Pandis, 1998). Obviously then, the most important
coalescence event is also between a small and a large particle, and is the focus of this paper.

Because the coalescence process generally involves large deformations in three dimensions with a
free surface, previous investigations are limited mostly to simple observational experiments (Ryley &
Bennett-Cowell, 1967; Spengler & Gokhale, 1973; Park & Blair, 1975; Bradley & Stow, 1978; Ashgriz &
Poo, 1990; Jiang, Umemura, & Law, 1992; Orme, 1997), highly simplified theoretical studies (Frenkel,
1945; Mackenzie & Shuttleworth, 1949; Sherer, 1977), and a limited number of computational studies
(Foote, 1975; Ashgriz & Poo, 1991; Martinez-Herrera & Derby, 1995; Menchaca-Rocha et al., 1997;
Nobari, Jan, & Tryggvason, 1996; Zhou & Derby, 1998). Recently, a Galerkin finite element method
in conjunction with the spine-flux method for the free surface tracking was used to study the effect of
Reynolds number, drop size ratio, impact velocity, and internal circulation on the collision/coalescence of
dissimilar large drops (Mashayek, Ashgriz, Minkowycz, & Shotorban, 2003). During the initial stages of
coalescence of unequal sized drops, large deformations in the smaller drop were observed. More recently,
a computationally efficient model for the coalescence of both equal and unequal sized particles was
presented using a modified Hippopede curve, to approximate the fluid surface of the coalescing particles
(Garabedian & Helble, 2001; Yadha & Helble, 2004). They found that shrinkage lengths, and surface
areas, were in good agreement with results reported from finite element calculations (Martinez-Herrera
& Derby, 1995) but that these coalescence times did not scale linearly with either, the particle size ratio,
or the total mass of the particle system.

MD simulations have been employed to study the coalescence of equal sized nanoparticles (Zhu &
Averback, 1996; Lewis, Jensen, & Barrat, 1997; Raut, Bhagat, & Fichthorn, 1998; Zachariah & Carrier,
1999; Hendy, Brown, & Hyslop, 2003). While Zeng, Zajac, Clapp, and Rifkin (1998) studied the co-
alescence of unequal sized nanofibers using MD simulations, and found that the smaller fiber became
amorphous and exhibited accelerated bulk diffusion, to the best of our knowledge, studies of the effect
of drop or fiber size ratios on coalescence processes are limited, and there is no work that investigated
the effect of particles size ratios on the coalescence of nanoparticles.

In this paper we focus on understanding the coalescence mechanisms of unequal sized nanoparticles.
We use classical MD simulations using the Stillinger–Weber (SW) potential (Stillinger & Weber, 1985)
for the silicon system to track the evolution of the coalescence process and to obtain the coalescence time.
We clarify the relationship for dynamics of coalescence of unequal sized particles, and provide insight
into the relationship between the MD simulation and the Koch–Friedlander (KF) model.

2. Phenomenological model

Eqs. (2), (solids) and (3), (liquids) have been widely applied to estimate the characteristic coalescence
time for two equivalent spherical particles. Recently, the effect of particle sizes on the melting point and
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corresponding rate of nanoparticles coalescence was considered Xing and Rosner (1999). They reported
that their model, extended from Eq. (2), satisfactorily described experimental data on Al2O3 and TiO2
particle formation and that the coalescence rate is very sensitive to particle size.

In a prior work we conducted MD simulations of equal sized silicon particles, and showed that the
MD results compared well with the usual sintering kinetics models for both liquids and solids (Zachariah
& Carrier, 1999). More recently, we have investigated surface (hydrogen) passivation on the sintering
and morphology of silicon nanoparticles using MD simulations, and presented a mathematical model to
describe the dynamics during the coalescence of the coated particles (Hawa & Zachariah, 2004a,b,2005).
Our model, extended from Eq. (3), was able to describe the entire coalescence process, which contained
both an initial induction, and the nominal coalescence periods, and was found to agree with our MD
results. The model introduced the concept of an effective surface tension, which approached the true
surface tension at very low surface coverage. With increasing coverage, the effective surface tension
decreases, making it harder for particles to coalesce.

Here we consider the application of the KF model (1) with characteristic coalescence times described
by Eqs. (2) and (3) to the coalescence of unequal sized particles. In looking at the models (2) and (3)
it is clear that surface properties play an important role in the coalescence event. The driving force for
coalescence is the minimization of the surface free energy, through the surface tension parameter. This
naturally begs the question as to the constancy of surface tension as a function of particle size. We have
found that for covalently bonded structures, where bonding is highly directional, that surface curvature
effects are not sufficient to significantly alter either bond lengths or angles, with the result that surface
tension was found to be particle size independent (Schweigert, Lehtinen, Carrier, & Zachariah, 2002;
Hawa & Zachariah, 2004b). The result is that to first order, surface tension can be regarded as a constant.

The diffusion coefficient and viscosity are obviously important in both the solid-state and the liquid-
state coalescence events. At the microscopic level, coalescence is essentially an atomic diffusion process.
According to the analysis mentioned above, the surface diffusion coefficient depends on curvature of
the particle surface (Xing & Rosner, 1999). However, based on prior MD calculations where we did not
see a significant size-dependant diffusion coefficient for silicon, we use it as a fixed parameter in our
phenomenological model (Zachariah, Carrier, & Blaisten-Barojas, 1996).

During coalescence, the formation of new chemical bonds between the atoms decreases the potential
energy of the system, and decreases the total surface area. For two isolated particles under adiabatic
conditions, by conservation of energy, the decrease in potential energy causes a rise in the kinetic energy
of atoms in the particle, which is reflected as an increase in particle temperature (Zachariah & Carrier,
1999). The temperature change of clusters affects properties such as diffusivity and complicates the
calculation of characteristic coalescence time from Eqs. (2) and (3). In order to simplify this problem
we chose to study the coalescence process under constant temperature conditions. In point of fact for a
real growth process, particles of this size would not see temperature excursions, since they are effectively
thermostated by surrounding gas (Mukherjee, Sonwane, & Zachariah, 2003).

Since the driving force for coalescence is a minimization of the number of dangling bonds through
a decrease in surface area, the difference between the total surface area before and after coalescence is
expected to be an important factor in the characteristic coalescence time. Assuming particles maintain a
spherical shape before and after coalescence, the total surface area after coalescence is expressed in terms
of total volume, V , as

asph = (36�V 2)1/3. (4)



T. Hawa, M.R. Zachariah / Aerosol Science 37 (2006) 1–15 5

The total surface area before coalescence is the summation of the surface area of the two particles, and
depends on the initial volume difference.

a = (36�V 2)1/3

[(
1

1 + x

)2/3

+
(

x

1 + x

)2/3
]

. (5)

Here, x is an initial volume ratio of one particle to another. When x=1, particles are of equal size. We note
that the characteristic times in Eqs. (2) and (3) in the KF model (1) are independent of particle volume
ratios.

3. Numerical procedure

To track coalescence we employ atomistic simulation approach using classical MD. For this study
we use the SW potential for silicon developed by Stillinger and Weber (1985). Similar sets of potential
energy functions have also been developed by Tersoff (1986,1988a,b,1989). However, the simulation of
liquid silicon was not well described by the potential (Tersoff, 1988b). By contrast, the SW potential is
designed to describe interactions in both solid and liquid forms of silicon. Since most synthesis processes
leading to cluster formation occur at high temperature, cluster growth by coalescence is dominated by
liquid-like characteristics, and the accuracy of the SW potential increases with increasing particle size
or temperature, we use this potential for our investigations. The SW potential energy is a sum of two
and a three-body interactions, and the details of the model and its parameters are given in the reference
(Stillinger & Weber, 1985).

All simulations were run either on an Origin or Cray T3E computer running up to 64 processors. Atom
trajectories were determined by integrating the classical equations of motion using the velocity form
of the Verlet algorithm (Verlet, 1967), with rescaling of atomic velocities at each time step to achieve
temperature control. Time steps of 0.5 fs were typically used to ensure energy conservation, and a Verlet
neighbor list with parallel architecture was employed in all the simulations, with a neighbor list renewal
every 10 steps. The simulations take place in a spherical cavity of 20 nm radius using an elastic boundary
condition.

The first step in the equilibration process was to prepare silicon particles of various sizes (500, 1000,
2000, 3000, 4000, 5000, 6000, 7000, 8000, 9000, and 9500 Si atoms) at 2100 K. After removal of angular
momentum, particle temperatures were reduced slowly to 1500 K and equilibrated for 50 ps. For the last
step in the preparation process, the simulations were switched to a constant energy calculation for 20 ps.
If the average temperature of the particle deviated by more than 10 K over this period, the equilibration
process was repeated until the particle temperature deviated by less than 10 K. Similarly, solid particles
of various sizes (160, 320, 640, 960, 1280, 1600, 1920, 2240, 2560, 2880, and 3040 Si atoms) were
equilibrated at 1000 K. Sizes of solid particles were chosen to be smaller than those of liquid particles
due to the expensive simulation cost for complete coalescence.

Duplicated particles were generated for both temperatures and then collided with energies equivalent
to the internal temperature of the particles in order to simulate thermal collisions. In our study, all
coalescence processes were executed in a constant temperature simulation. We studied the coalescence
of following particle pairs: (500–9500, 1000–9000, 2000–8000, 3000–7000, and 4000–6000) for 1500 K
and (80–1520, 160–1440, 320–1280, 480–1120, and 640–960) for 1000 K. After complete coalescence,
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all liquid and near solid-like pairs form spherical particles (about 8 and 4 nm) containing 10 000 and 1600
Si atoms.

4. Results and discussion

To understand the mechanism of two unequal sized particles coalescence, we present the temporal
evolution of the silicon nanoparticles during coalescence shown as a cross-section slice in Fig. 1. The
particle pair consists of 500 dark gray atoms in a smaller particle and 9500 light gray atoms in a larger
particle at 1500 K. At the beginning of the simulation, two particles approach at thermal speeds and have
an initial contact (a). Once the collision event has initiated, diffusion processes deform the smaller particle
to increase the contact area between the two particles. The radius of the contact circle quickly grows to
roughly the initial radius of the smaller particle (b). At this point the contact circle seems nearly flat,
and no significant deformation is seen in the larger particle. Further reduction of surface area progress
smoothly (c) as the smaller particle is stretched in the vertical direction to maximize contact area, with
only a minimal deformation in the larger particle. Further smearing of the smaller particle results in an
effective contact area twice that of the initial small particle diameter at the point where the overall shape
is close to being spherical (d).

To better understand the nature of the evolution in the morphology, we study the properties of particles
at temperatures of 1500 K (liquid) and 1000 K (near solid-like) in detail. Since the temporal change in
morphology can be through bulk fluid motion or by atomic diffusion processes we attempt to separate these

Fig. 1. Temporal snapshots of the morphology during a coalescence event for a liquid particle at 1500 K, with a volume ratio of
0.053. (a) t = 1 ps, (b) t = 5 ps, (c) t = 10 ps, and (d) t = 16 ps.
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effects. Fig. 2 shows the temporal evolution of atomic velocity vectors (length of arrow is proportional to
speed) in (a–d) and contour plots of the atomic speed normalized by the average speed (e–f), shown as a
cross-section slice of thickness −0.5 nm < y < 0.5 nm, during a coalescence event for a liquid particle at
1500 K with a volume ratio of 0.053. At the initial approach, the smaller particle is accelerated toward the
near stationary larger particle, as evidenced by the large magnitude (e) and similar direction to all velocity
vectors (a) and results from the short range attractive forces. By contrast the velocity vectors in the larger
particle are smaller and are in random directions (a,e). Even just after the collision, convection processes
in the smaller particle seem to dominate the coalescence process (b). Moreover, kinetic energy in the larger
particle is transferred to the smaller particle, as evidenced by the color shading differences between the
smaller and larger particle (f). The reader is reminded that the simulation was conducted under a constant
temperature constraint, such that the total kinetic energy of the system is invariant. However, momentum
differences accelerate and deform the smaller particle during the collision. The convection processes, in
addition to the kinetic energy transformation on the smaller particle, also deforms the smaller particle, as
the particle seeks to spread out to make room for the atoms being convected from the trailing end of the
smaller particle (c,g). The convection process decays toward the end of the coalescence process and the
local deformation observed in the smaller particle is spread over the entire particle (d, h). Note that this
convection process is not included in the analysis in the coalescence models (2) and (3).

A coalescence event of unequal sized near solid-like particles at 1000 K, with the volume ratio of 0.053
is shown in Fig. 3. As with the liquid case, the initial approach results in acceleration of the smaller
particle (a,e). However, in the case at 1000 K, convection disappears right after the collision (b,f). Once
the collision event has progressed, it is diffusion processes which drive the agglomerate to become a
sphere, and the diffusion process is spread out entire particle unlike the liquid case (c,d,g,h). Fig. 4
demonstrates a coalescence event of unequal sized particles at 1000 K with the volume ratio of 0.25. At
the initial approach, since the difference in particle size is not as great as the previous case, both particles
are accelerated toward each other (a,e). Like the smaller volume ratio case (in Fig. 3) the convection
effect disappears after the collision, and diffusion processes drive the agglomerate to become a sphere
(b,f). However, towards the end of the coalescence process, atom movement in what might be termed
the core of the larger particle, is seen to be amplified (c,g). Since the particle sizes in this simulation are
not as significantly different from each other, the larger particle must also deform in order to evolve a
spherical shape (d,h). Finally, unlike liquid particles, no internal convection can occur and the directed
velocity vectors are scrambled at impact. Diffusion processes dominates the coalescence of near solid-like
particles during the entire processes.

The shape and coalescence evolution is most easily quantified and tracked by calculating the temporal
variation of the reduced moment of inertia, defined as the ratio of the moment of inertia in the direction
normal to the collision, and the direction of the collision, as shown in Fig. 5. Here, x is the initial volume
ratio of the smaller to the larger particle, where 0 < x�1. The total number of silicon atoms is kept
constant for all cases at 10 000, with initial volume ratios, of 0.053, 0.111, 0.250, 0.429, and 1. For the
calculations presented in Fig. 5, the temperature was held at 1500 K (i.e. liquid). The reduced moment of
inertia converges to unity when the particle is spherical. However as these particles (1–8 nm) are dynamic,
due to the atomic motion, they would never become perfectly spherical. Therefore, we define a reduced
moment of inertia of 1.1 as the condition for achieving complete coalescence. From the figure one sees
that the reduced moment of inertia converges to 1.1 (spherical shape) monotonically. A direct observation
of all curves shows that the decay rate toward spherical shape is monotonic and decreases with increasing
initial volume ratio. Moreover, the coalescence process is faster when the initial volume ratio is smaller
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Fig. 2. Temporal evolution of atomic velocity vectors (a–d) and contour plots of the speed (e–h) shown as a cross-section slice of
thickness −0.5 nm < y < 0.5 nm, during a coalescence event for a liquid particle at 1500 K, with a volume ratio of 0.053. (a,e)
t = 0 ps, (b,f) t = 1 ps, (c,g) t = 5 ps, and (d,h) t = 11 ps.
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Fig. 3. Temporal evolution of atomic velocity vectors (a–d) and contour plots of the speed (e–h) shown as a cross-section slice
of thickness −0.5 nm < y < 0.5 nm, during a coalescence event for a solid particle at 1000 K, with a volume ratio of 0.053. (a,e)
t = 0 ps, (b,f) t = 30 ps, (c,g) t = 90 ps, and (d,h) t = 140 ps.
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Fig. 4. Temporal evolution of atomic velocity vectors (a–d) and contour plots of the speed (e–h) shown as a cross-section slice
of thickness −0.5 nm < y < 0.5 nm, during a coalescence event for a solid particle at 1000 K, with a volume ratio of 0.25. (a,e)
t = 0 ps, (b,f) t = 50 ps, (c,g) t = 200 ps, and (d,h) t = 300 ps.

(i.e., smaller + larger particle). Since the coalescence time depends on the definition of spherical shape in
terms of the reduced moment of inertia, the accuracy of the coalescence time diminishes with decreasing
initial volume ratio.

Coalescence times, tc, simulated under constant temperature processes as a function of initial particle
volume ratio, x, at 1500 K (a) and 1000 K (b) shown as symbols (o) are summarized in Fig. 6. Coalescence
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Fig. 5. Temporal behavior of the reduced moment of inertia for particles at various volume ratios. Total number of Si atoms is
10 000, and the temperature is held constant at 1500 K (i.e. liquid).

times in the vertical axis in the figures are normalized by the coalescence time for two equal sized
particles. At 1500 K (liquid), shown in Fig. 6(a), as the particle becomes dissimilar in size the normalized
coalescence times gradually decreases. When x < 0.4 the coalescence event is clearly accelerated, and
when x ∼ 0.1, the coalescence time has dropped to half that of the equal sized case. The normalized
coalescence times obtained from the KF model (1) is shown as the solid line in the figure. Since the
solution to the KF model gives an asymptotic solution, we define complete coalescence when the particle
surface area, a, is 1.05asph.As a result the solution presented in Figs. 6a,b are only valid for x < 0.025. The
results show excellent agreement with the simulation results when x > 0.1, although significant deviation
is observed for x = 0.05, which we attribute in part to the definition of complete coalescence used in
the generation of the solid curve using the KF model. In general however these results indicate that the
difference between the initial and final surface area dominates the coalescence kinetics of unequal sized
liquid particles. Moreover, and most importantly the same characteristic coalescence time, �f , may be
used for any particle size ratios to obtain the coalescence time from the KF model (1). We also compare
those results with the Yadha–Helble’s (YH) model, which is a numerical study of the coalescence of
unequal sized droplets, shown as symbol (+) in the same figure. The YH model predicts a slightly faster
coalescence time than either KF model (1) or MD results for all volume ratios. Nevertheless the trends
are highly consistent.

The near solid-like particles at T = 1000 K, presented in Fig. 6(b) show similar behavior to the liquid
case. However, deviations between our phenomenological model and MD results become larger with
decreasing initial volume ratio. The likely reason for the discrepancy is that the near solid-like particles
are slow to coalesce and small effects arising from particle shape initially, the orientation of collision,
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Fig. 6. Normalized coalescence times as a function of initial particle volume ratio, x. (a) 1500 K and (b) 1000 K.

etc. can change the simulated sintering time. While we believe the particles to be primarily amorphous,
some short range ordering may also take place which may influence the coalescence behavior. Ideally,
one would like to conduct multiple trajectories, and ensemble average the result, however at this time
that is computationally not feasible. For example, the complete coalescence of one pair of equal sized
particles is 48 h on Cray T3E using 8 processors.

These results indicate that the simple surface model which involves a total reduction in surface area as
the driving force, regardless of initial relative particle volumes, is a reasonably sufficient and certainly,
computationally tractable solution to solving for unequal particle coalescence problems.

5. Conclusion

Classical molecular dynamics simulations using the Stillinger–Weber potential were conducted to
study the coalescence behavior of unequal sized silicon nanoparticles. The simulations were carried
out over the initial particle volume ratio range of 0.053–1 with 10 000 and 1600 Si atoms at 1500 and
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1000 K. It was found that the deformation of the smaller particle and convection processes dominated the
coalescence of liquid nanoparticles. On the other hand, diffusion processes dominated the coalescence
processes of near solid-like particles. Coalescence processes became faster when the ratio of two particle
sizes (smaller/larger) approaches to zero. The Koch–Friedlander model was found capable to predict the
coalescence time of two unequal sized nanoparticles, and the agreement of the model and MD results
indicates that the difference between the initial and final surface area dominates the coalescence kinetics
of unequal sized liquid particles.
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